A theoretical model is developed to predict the characteristics of a needle (cellular or dendrite) interface during the controlled and arrayed solidification of binary alloys. Both heat and mass transport fields near a growing needle front have been considered. The effect of solute, diffused from nearby dendrites, on dimensions of needle is also taken into account. Minimum undercooling criterion of tip of interface has been developed to select a solution to determine the dimensions, satisfying the local equilibrium conditions at the interface. Solutions are classified into two categories; one is responsible to the cellular growth and the other to the dendrite growth. Good correlations are obtained between theory and experiments.
Introduction
The importance of directional solidification studies has been well recognized since the early systematic scientific investigations carried out by Chalmers and co-workers 1) to understand the solidification characteristics of alloys. A majority of alloys grow under conditions which give rise to dendritic interface. For this reason, considerable theoretical and experimental attempts have been made to understand the characteristics of dendritic growth carried out under controlled solidification conditions. Unfortunately, no satisfactory treatment is available as yet which can quantitatively explain all the available experimental data and which correctly incorporate all the physics of the problem. It is the purpose of this paper to present a detailed theoretical model of cellular and dendritic growth under controlled solidification condition.
An approximate model of dendritic interface growth under controlled solidification conditions was given by Bower et al. 2) They predicted that the undercooling, ÁT tip , at the dendritic tip is given by the expression
where G L is the temperature gradient in liquid, D the solute diffusion coefficient in liquid, and V the growth rate. Such a formulation is valid only under large temperature gradient and low velocity values. Their treatment does not consider the variation of dendrite tip radius or sidewise diffusion near dendrite tip region. The three-dimensional solute diffusion problem was treated by Burden and Hunt, 3, 4) and their results provided an excellent qualitative understanding of the variation of tip temperature as a function of G L and V. They assumed that, for a given temperature gradient, tip undercooling passes through a minimum as velocity increased.
Trivedi 5) developed a formulation under the condition, which ensures that the dendrite tip is stable so that it can grow in steady-state fashion. Kurz and Fisher 6) proposed another approach, where the radius of curvature of a dendrite tip was assumed to be proportional to the wavelength of perturbation in a planar interface. Their prediction provides a close quantitative understanding of the radius of curvature of the dendrite tip as a function of G L and V. The approach given by Kurz and Fisher suggests an essential importance of the diffusion from nearby dendrites to the tip.
A characteristic feature of constrained growth is the cellular morphology in low growth rate. Lu and Hunt 7) have analyzed numerically the feature of constrained growth and predicted dimensions of cellular and/or dendritic interface. They have pointed out the importance of boundary conditions in the interdendritic region in their simulation.
Theoretical models usually adopt a parabolic shape for the interface near the tip of dendrite. Bisang and Bilgram 8) have observed the shape of Xenon dendrite tip and found that the tip shape of dendrite is very close to parabolic but necessarily perfectly parabolic. Phase field model. 9, 10) of dendrite growth gives solutions stable when the crystalline anisotropy is introduced in the theory. The crystalline anisotropy 11, 12) will be responsible to the deviation of interfacial shape near the tip from the parabolic one.
The purpose of this paper is to develop a consistent theory of cellular and/or dendrite growth which takes into account the heat flow and the solute one around the interface front, and which correctly predicts the limiting behavior of a planar interface at appropriate values of temperature gradient, growth rate, and solute composition. The effect of solute diffusion from nearby dendrites is incorporated in the theory, describing the solute distribution by the addition of solutions of diffusion equation for nearby dendrites. For the interface shape near tip of a dendrite, small deviation from parabolic shape is allowed in the theory. A condition, which will be closely related to the cellular growth, is imposed on the solute distribution in the interdendritic region. A solution is selected which gives the locally minimum undercooling at a tip of interface.
The temperature, composition, and dimensions(the tip radius of curvature and primary arm spacing) of the cellular and the dendrite tip will be predicted and compared with available experimental data. constant velocity, V, which is the direction of the dendrite axis of symmetry. Furthermore, we divide all coordinates by the tip radius of curvature of the dendrite, , to obtain a dimensionless coordinate system. Besides Cartesian coordinate, we shall also use dimensionless parabolic coordinates, ; and ', in which the dendritic interface will be represented by where " a a is a parameter which represents the deviation from the parabolic shape. The dimensionless parabolic coordinates are related to the dimensionless Cartesian coordinates x; y and z as
The array is defined by dendrites which locate each other with dimensionless distance in ðx; yÞ plane as shown in Fig. 1 .
Temperature and Concentration Field
The temperature field and solute one around the dendrite interface are governed by diffusion equations in coordinates moving with the tip.
In these, T L and T S are the temperature fields in liquid and in solid, respectively, and C L is the solute field in liquid. The parameters P L and P S are thermal Peclet numbers in liquid and in solid, respectively, and P is the solute Peclet number in liquid.
In order to simplify the discussions, we assume the thermal diffusion coefficient is very large compared to the solute one. This means the temperature change is very small in the scale of order of tip radius, . The temperature in solid will be determined by the temperature in liquid, through boundary conditions at interface, because the heat flows from liquid to solid in the constrained growth. The solute diffusion coefficient in solid is assumed to be very small compared to one in liquid. These assumptions conclude that the growth of dendrite/cell will be controlled by the distribution of temperature and solute in liquid.
The temperature in liquid 13) could be described by
The solute distribution in liquid 13) could be expressed by
where
E 1 ðxÞ represents the integral exponential function. L and D are the thermal diffusivity in liquid and the solute one in liquid, respectively. In the summation for i and j, all integers will be summed, corresponding to neighboring dendrites, which include the dendrite itself at the origin of coordinate.
and B ! are constants to be determined. B 0 -term in C L is introduced to study the effect of solute distribution in the interdendritic region on the dimensions of dendrite/cell.
Restrictions from boundary conditions
The simple approximation for the temperature field and the concentration field are given in eqs. (4) . These may be determined from boundary conditions. The other constant, , the dimensionless primary arm spacing, may be determined by the minimum undercooling criteria at the tip.
Here we consider a dendrite located at the origin of coordinate, whose tip coordinate is at ðx; y; zÞ ¼ ð0; 0; 0:5Þ.
The solute concentration far from the tip in the liquid will be the initial average solute concentration, C 0 . This gives:
Temperature gradient at the tip, G L , in the liquid is given:
In order to determine the tip radius of curvature, three points on the interface are, at least, needed. These points are chosen: one point at the tip and the other is very close to the tip with distance, r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
, because of the axial symmetry of the interface. This means all calculations should be carried out up to 2 (or r 2 ¼ x 2 þ y 2 ) for every boundary condition at the interface.
Mass conservation condition at the interface gives relations among constants:
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where k is the redistribution coefficient of solute. Condition that relates the temperature and the concentration at the interface gives:
where ÁS and m are the capillary coefficient and liquidus slope, respectively. Here, functions in the above equations are defined as follows:
where P ij means the summation for all integers of i and j. How to calculate these summation, see Ref. 13 ) and 14).
Six relations among unknown constants are given. Another condition is necessary to determine all unknowns, and this may be given by the condition for the solute distribution in the interdendritic region in liquid.
Condition for solute distribution in the interden-
dritic region in liquid Lu and Hunt 7) have pointed out in their numerical simulation of alloy solidification that the condition for solute distribution in the interdendritic region plays an important role in predicting the primary arm spacing of dendrite.
Consider dendrites growing in array with large primary arm spacing compared to the tip radius of curvature. The diffusion length of solute will be small compared to the primary arm spacing, then the solute concentration in the bottom of liquid, the point B in the Fig. 2 , will be very close to the initial concentration of the alloy.
In the description of solute distribution in liquid, eq. (5), the value of integral exponential function will quickly decrease with P 2 ij increased. Then, the solute concentration should satisfy the condition,
at the point B, in order the solute concentration to approach to the initial concentration. When the morphology is assumed to scale to the tip radius of curvature, the value of " b b should be constant in the dimensionless coordinates. The relation, eq. (13), between B 0 and B ! is used as a boundary condition b b approaches to the negative infinity, and then the solute distribution in liquid is described without B ! -term in eq. (5)).
3.3 How to predict the tip radius of curvature and the primary arm spacing The temperature gradient in the liquid, G L , and the initial concentration of solute, C 0 , are given. And assume also that the deviation parameter from the perfect paraboloid of revolution, " a a, and the parameter for liquid depth in the interdendritic region, " b b, are constants. The tip radius of curvature, , as a function of the growth rate, V, is calculated as follows:
From eq.
From eqs. (6), (8), (9) and (13), constants A 0 ; B ! and B 0 in C L are expressed by Peclet number 3.4 How to select the dimensionless spacing and the primary arm spacing In order to select the dimensionless spacing , we assume the dendrite with minimum undercooling of tip will overgrow and survive. The undercooling of a tip of dendrite, ÁT tip , is defined and expressed by using equation (10) as follows:
Then, for a given growth rate and dimensionless spacing , (i) Calculate ÁT tip , and choose corresponding to the minimum ÁT tip value.
(i) Determine the primary arm spacing by 1 ¼ :
Prediction and Comparison with Experiments
We shall now examine the calculated results obtained for succinonitrile(SCN)-acetone solution and for Al-Cu alloy. The values of the parameters used in the calculations are shown in Table 1 . The deviation parameter, " a a, for the tip shape of dendrite from the paraboloid of revolution is treated to be a constant parameter with same order of magnitude with the crystalline anisotropy of interfacial energy. 11) Without deviation from paraboloid, we have no solutions corresponding to dendrite(D-solution in the following sections). In the phase field model, 9,10) the dendritic solutions do not exist without the anisotropy of interfacial energy. Therefore, the deviation from paraboloid of revolution will root in and have a relation with the anisotropy of interfacial energy, though the details have not been studied.
The parameter, " b b, for the interdendritic liquid depth will be assumed to be a parameter with same order of magnitude corresponding to the mushy zone length in the dendrite solidification.
Calculated results are shown for SCN-1.0 mol%Acetone solution in the following sections. 
4.1 Behavior of solutions for a given dimensionless spacing We have two types of solutions: one type is a solution for small value, and the other is for large value.
The behavior of solutions with small is shown in Fig. 3(a) (we call these CD-type solutions) as functions of the growth rate, and one with large in Fig. 3(b) (D-type  solutions) . Solutions with small approach to a marginal solution with increasing value, and there transform to solutions with large value. With more increase of , solutions will approach to a limiting solution with ¼ 1. Solutions with small exist irrespective of the sign of the value of " a a, but solutions with large exist only when the value of " a a is positive. At a given growth rate, the above solutions give a relation/ relations between the primary arm spacing, 1 ð¼ Þ, and the tip undercooling (Fig. 4) . This figure shows that the tip undercooling has its local minimum value at some primary arm spacing.
Tip radius and the primary arm spacing
The needle with smaller tip undercooling is assumed to grow predominantly for others. Then the solution with minimum tip undercooling will represent a growing needle, and then the tip radius, primary arm spacing and the tip undercooling will be determined for the growing needle. The variation of the tip radius of curvature, the primary arm spacing and the tip undercooling with growth rate are shown in Fig. 5(a) and (b) .
The CD-type solutions and the D-type solutions have their own local minimum value of tip undercooling, giving almost same value of tip radius of curvature. The typical points are:
. In the low growth rate and also in the high growth rate, the CD-type solution alone has the minimum value of tip undercooling, ÁT tip (we call this solution CD-solution), as can be seen in the growth range C in Fig. 4 . . In the middle growth rate the D-type solution has its minimum value of tip undercooling, ÁT tip (D-solution), and within some growth range the CD-solution disappears(in the growth range D in Fig. 4 ). . And, in some range of growth rate the minimum of CDsolution co-exist with the minimum of D-solution(in the growth range CD in Fig. 4 ). And CD-solution gives almost same value of undercooling of tip with that given by D-solution (Fig. 4(b) ). . The predicted primary arm spacing by D-solution shows the divergence at the marginal growth rate. This divergence owes to the different dependency of the capillary effect and the solute concentration on . Predicted tip radius of curvature and primary arm spacing show very similar dependency with those observed experimentally. CD-solution may represent the cellular morphology and D-solution the dendritic one. In the next section we study this from the constitutional supercooling around the tip of needle.
4.3 Constitutional supercooling in ðx; yÞ plane around the tip of needle Here, we study the behavior of supercooling in (x,y)-plane (plane perpendicular to the growth direction), which includes the tip of needle. We define the temperature given by thermal field, T therm , and the constitutional one given by the solute distribution, T con , by
The supercooling, ÁT sup , is defined by the difference between T therm and T con by (Fig. 6(b) , V ¼ 4:0 Â 10 À2 mm/s), the supercooling given in the direction tilted 45 degree from x-direction has larger supercooling than that in the x-direction.
Larger the supercooling, then larger instability of the interface would be. Then the interface will grow in the direction with larger supercooling. Therefore the interface given by D-solution will have the morphology like a dendrite.
Effects of the interfacial shape and liquid depth in
the interdendritic region on dimensions The interface shape is assumed to be deviated from the perfect paraboloid of revolution.
The more deviation from parabola makes the growth range of D-solution broader and the primary arm spacing smaller, but a little effect on of CD-solution. The critical growth rate from D-solution to CD-solution (corresponding to the divergence of primary arm spacing) becomes large when the deviation becomes significant.
The solute concentration in the interdendritic region is assumed to be very close to the average solute concentration, C L ¼ C 0 at a point ðx; y; zÞ ¼ ð=2; =2; " b bÞ. The change of this parameter affects the growth range of CD-solution: the smaller value of the parameter, " b b, makes the growth range of CD-solution broader. 
Comparison with experimental results
Predictions for SCN-1.0 mol%Acetone solution are compared with experimental results for the tip radius of curvature and primary arm spacing 15) in Fig. 7(a) . Calculations are also applied to the Al-4.0 mass%Cu alloy and compared with experimental results 16) in Fig. 7(b) . Deformation parameter " a a and the depth parameter of liquid " b b in the prediction for AlCu alloy are adopted almost same values as those used in the calculation for SCN-acetone solution. Correspondence between predictions and experimental results are shown very well both for the tip radius of curvature and the primary arm spacing.
Summary and Discussion
Tip radius of curvature of dendrite/cellular interface and primary arm spacing are predicted and compared with experimental results for the solidification of SCN-acetone solution and Al-Cu alloy, and the correspondences are shown very well.
In the model, a small deformation of interfacial shape from parabolic one is allowed, then two types of solution, CD-type solution and D-type solution, are given. Among solutions of dimensions, minimum tip undercooling criteria is applied to select a growing solution.
CD-solution is given in the low growth rate and also in the high growth rate. D-solution is given in the middle growth rate. Predicted primary arm spacing by D-solution diverges at some high growth rate, and this critical growth rate depends on the magnitude of deviation parameter from parabola. CDsolution will correspond to the cellular morphology and Dsolution to dendrite one, because of their dependency of dimensions on the growth rate.
At some growth rate, two types of solutions co-exist, and whose tip undercoolings are predicted to be almost same. Therefore, a new selection rule/criteria will be needed other than minimum tip undercooling to select a growing solution.
Larger deformation from parabola is shown to make the growth range of D-solution broader, and to make the critical growth rate larger, which corresponds to the divergence of primary arm spacing.
Liquid depth parameter, which will correspond to the mushy zone, affects little to dimensions given by D-solution, but changes the growth range of CD-solution. The liquid depth parameter should be determined experimentally by the 
